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Abstract. We consider a partially hyperbolic C 1 -diffcomorphism / : M — > M 
with a uniformly compact /-invariant center foliation T c . We show that if the 
unstable bundle is one-dimensional and oriented, then the holonomy of the 
center foliation vanishes everywhere, the quotient space M jT c of the center 
foliation is a torus and / induces a hyperbolic automorphism on it, in partic- 
ular, / is centrally transitive. 

We actually obtain further interesting results without restrictions on the unsta- 
ble, stable and center dimension: We prove a kind of spectral decomposition for 
the chain recurrent set of the quotient dynamic, and we establish the existence 
of a holonomy invariant family of measures on the unstable leaves (Margulis 
measure) . 



1. Introduction 

The aim of this article is a classification of partially hyperbolic systems with one- 
dimensional unstable (or stable) direction under the additional assumption of a 
uniformly compact center foliation. A C 1 -diffcomorphism / : M — > M is called 
partially hyperbolic if there exists an invariant, non-trivial decomposition of the 
tangent bundle 

TM = E S ®E C ®E U , d x fE a {x) = E a (f(x)) , a = s,c,u, 

and if for every x e M and all unit vectors v s e E s (x),v u e E M (x) and v c e E c (x) 
it holds 

\\d x f(v s )\\ < \\d x f(v c )\\ < \\d x f(v u )\\ , \\d x f(v s )\\ < 1 < \\d x f(v u )\\ . 

The stable and unstable bundle E s and E u are uniquely integrable to /-invariant 
stable and unstable foliation F s and T u . By contrast, the center bundle E c is in 
general not uniquely or even weakly integrable (cp. [Wil98, HRHU10]). We assume 
in the following that there exists a uniformly compact /-invariant center foliation 
T c everywhere tangent to the center bundle E c . 

Recall that every Anosov diffcomorphism with a one-dimensional unstable direction 
is conjugate to a hyperbolic toral automorphism (see [Fra70, New70]). The hypoth- 
esis of a compact center foliation allows us to recover (topological) hyperbolicity 
for the induced dynamics on the quotient space of center leaves such that we can 
follow the lines of the classical result and show that the induced dynamic on the 
quotient is actually conjugate to a hyperbolic toral diffcomorphism. 
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The difficulties arise at two places: First, the center holonomy may not be trivial so 
that the induced dynamic is certainly not hyperbolic (see example in [BB112]), so 
the first step is to show that the holonomy group is trivial (if the unstable bundle 
is oriented). Second, the quotient space is a priori a topological manifold without 
a diffcrentiablc structure and the induced dynamic is not differcntiable, so we pass 
usually to the manifold M whenever differentiability is needed for the arguments. 
Important tools to circumvcnc these difficulties are the dynamical coherence for / 
and the Shadowing Lemma for orbits of center leaves proved in [BB112] which allows 
us to prove the central transitivity of / (if the unstable bundle is one-dimensional) 
which directly implies the triviality of the center holonomy. Further, dynamical co- 
herence means that center stable and center unstable foliations exist, and they can 
be projected to stable and unstable (topological) foliations on the quotient space. 
The structural stability, also proved in [BB112], permits the perturbation of the 
diffcomorphism. 

Let us now state the main result of this article: 

Theorem 1. Let f : M — ► M be a partially hyperbolic C 1 -diffeomorphism on 
a compact smooth connected manifold M. Assume that the center foliation J- c is 
a f -invariant uniformly compact foliation and dimE u = 1. Then the following 
statements hold: 

1. The diffeomorphism f is centrally transitive, i.e. there exists a dense orbit 
of center leaves. 

2. Center leaves with non-trivial holonomy are isolated. Every non-trivial ho- 
lonomy homeomorphism is conjugate to —id. 

3. // E w is oriented, then n : M — > M jT c is a fiber bundle, the leaf space 
M/J- c is T q , where q = codimJ 7C and f projects to F : T q — > T q 
conjugate to a linear Anosov map. 

Remark 1.1. If E u is not oriented, then the partially hyperbolic diffeomorphism / 
can be lifted to the orientation cover of E u . The center stable foliation lifts canon- 
ically to a transversely oriented codimension one foliation. Hence, the condition in 
the third item of Theorem 1 is always fulfillable. 

During the proof we establish without restriction on the dimension of the unstable 
bundle the existence of a Margulis measure, a family of measures whose support 
lies on unstable leaves: 

Theorem 2 (Existence of Margulis measure). Let f : M — » M be a C 2 partially 
hyperbolic diffeomorphism with a f -invariant compact center foliation with trivial 
holonomy. Suppose f is centrally transitive. Then there exists a family {MzIxeA/ °f 
measures with the following properties: 

1. For every x e M the measure /z" is a regular Borel measure on the unstable 
leaf L™, and the measure is positive on non-empty open sets within L". 

2. The family of measures is invariant under the weakly stable holonomy. 

3. The family of measures is uniformly expanding under f, i.e. there exists 
d > 1 such that A t /( a; )(/(^)) = dfi™(A) for every open set Ac L". 

Remark 1.2 (Why codimension one?). • As mentioned before, the proof of 
Theorem 1 depends on a result about codimension-one Anosov diffeomor- 
phisms. Consequently, Theorem 1 cannot be extended to a system with 
higher-dimensional unstable bundle without essential changes of the proof. 
It should be remarked that a corresponding generalization in the case of 
Anosov diffeomorphisms that they are always transitive and conjugate to an 
algebraic automorphism is only conjectured and not yet proved. 
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• Another difficulty arises at the following point: A finite holonomy is a con- 
tinuous group action of a finite group of periodic homeomorphisms on a 
smoothly embedded disk in the manifold M which is a priori not linear. We 
do not know a lot about these so-called continuous transformation groups if 
the dimension of the disk is greater than 2. 

• Further, the following easy examples illustrate that in the case of a two- 
dimensional unstable bundle a 2-cover is not enough to eliminate center 
leaves with non-trivial holonomy. Besides, there can exist /-invariant sub- 
manifolds in M which consist of center leaves with non-trivial holonomy. 

Example 1.3. 1. Let A e SL(2,Z) be a hyperbolic matrix with eigenvalues 
< A < 1 < /j,. Define the following matrix Fa by diag(A, A, id) e 
GL(5, Z) which induces a partially hyperbolic toral automorphism Ja on 
T 5 with a one-dimensional compact center foliation {x] x S 1 . Let B : = 
-id 0\ 

id e GL(5,Z). We define a free action of Z 4 on T 5 by H : = 
1/ 

B + (0 j) T ■ Then /a commutes with this finite group action 
and T 5 /Hx ~ x is a manifold with a partially hyperbolic diffeomorphism 
Fa induced by /a . The leaf space of the center foliation is a 4-orbifold with 
four singular points, 

(iii^Q^,^),^^, 0,(0,0,0,0) 

with non-trivial holonomy H of order four and twelve singular points of order 
two. 

2. Let Fa e SL(5,Z) be the matrix defined above which induces a partially 
hyperbolic torus automorphism Ja on T 5 with a one-dimensional compact 
center foliation {x} x S 1 . Let B := diag(id, —id, 1) e GL(5,Z) and define a 

free action of Z 2 on T 5 by H := B + (0 \) T . Then f A commutes 
with this group action and the resulting manifold T 5 /Hx ~ x carries a 
partially hyperbolic diffeomorphism Fa induced by Ja- The leaf space of 
the center foliation is a 4-orbifold with four tori of singular points: 

{(xi,X2,a, b) T \xi,X2 e K/Z} , a, b = 0, -. 

One motivation for the topic of this article was the question if the study of par- 
tially hyperbolic diffcomorphisms with a uniformly compact center foliation could 
be restricted to the case of a compact center foliation with trivial holonomy. This 
would be possible if we show that any system with finite holonomy can be lifted to 
a finite cover where the holonomy vanishes everywhere. It should be remarked that 
a priori - without assuming a partially hyperbolic dynamic on the manifold - such a 
cover does not exist: There exist uniformly compact foliation whose quotient space 
cannot be finitely covered by a manifold, but is a so-called bad orbifold (see [CH03], 
section 7 for examples of such foliations which are called bad compact Hausdorff 
foliations in that article). So, to answer this question dynamical properties, features 
of compact foliations with finite holonomy and their interplay have to be utilized at 
the same time. A way to prove this intuition is to show that the center holonomy 
is globally affected whenever one locally builds in a center leaf with higher holonomy. 

Related work: We would like to mention that Theorem 1 overlaps with a result 
by Gogolev in [Gogll] where he proved a similar statement for partially hyperbolic 
diffcomorphisms with a uniformly compact center foliation of codimension 2 or with 
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simply connected leaves and one-dimensional unstable direction. The assumption 
of simply connectedness directly implies trivial center holonomy. 

This work is organized as follows: In the first section 2 we introduce and define 
the setting of this article and prove some preliminary results we need in the main 
proofs. In the subsequent sections the items of Theorem 1 are proved, every one in 
a separate section. Consequently, we start with the proof of the central transitivity 
in Section 4 where the first part is dedicated to the chain recurrent set and his 
decomposition (valid for any dimensions of the invariant foliations), and we go on 
with the proof of the trivial holonomy of the center foliation under the assumption 
of a one-dimensional oriented unstable subbundle. Section 6 is employed by the 
construction of a family of measures with support on the unstable leaves. This 
family is essential for the proof of the conjugacy between the quotient dynamic and 
a hyperbolic torus automorphism in Section 7. 

Acknowledgements. I am deeply indebted to Christian Bonatti for his time 
to discuss the results of this paper with me. Further, I would like to thank 
Scbastien Alvarez for discussions about the Margulis measures and his helpful 
comments in this aspect. 

2. Background 

In the following paragraphs we introduce the basic concepts and the setting of this 
article, and we motivate our assumptions of a uniformly compact center foliation. 

Remark 2.1. We assume a compact center foliation F c and accordingly, every 
center leaf is an embedded C 1 -manifold in M . The center bundle E c is a continuous 
subbundle of TM as a consequence of the definition of partial hypcrbolicity, and the 
center foliation is tangent to this continuous distribution. We call such a foliation 
with C^-leaves tangent to a continuous distribution a C 1,0+ -foliation. 

2.1. Uniformly compact foliations. We shortly recall the notion of holonomy 
that we use in this article: We consider a closed path 7 : [0, 1] — > L with 7(0) = 
x e L which lies entirely inside one leaf L. We define a homeomorphism H 1 on a 
smooth disk T of dimension q = codim T transversely embedded to the foliation T 
at x which fixes x and maps intersection points of a nearby leaf L' onto each other 
following the path 7. We call it the holonomy homeomorphism along the path 7. 
The definition of H 1 (class of germs of i? 7 ) only depends on the homotopy class 
[7] of 7. Hence, we obtain a group homomorphism 

7Ti (L,x) -» Homeo (K 9 ,0), 

where Homeo (K 9 , 0) denotes the classes of germs of homeomorphisms W —> W 
which fix the origin. The image of this group homomorphism is called the holo- 
nomy group of the leaf L and denoted by Hol(L,x). By taking the isomorphism 
class of this group it does not depend on the original embedding of T in M. It is 
easily seen that any simply connected leaf has a trivial holonomy group. A classical 
result (proved in [Hcc77] and [EMT77]) states that leaves with trivial holonomy 
group are generic. 

We say that a foliation has finite holonomy if the holonomy group Hol(L, x) for any 
x G M is a finite group. Consequently, every holonomy homeomorphism is periodic. 
We call a foliation whose leaves are all compact and have finite holonomy group 
a uniformly compact foliation. These foliations are also called compact Hausdorff 
foliations in foliation theory referring to the fact that the quotient space of such a 
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foliation is Hausdorff. 

Example 2.2 (Partially hyperbolic diffeomorphisms with non-trivial center holo- 
nomy). Bonatti and Wilkinson construct in [BW05] a partially hyperbolic diffeo- 
morphism on the 3-torus fibering over the 2-torus which commutes with a Z2-action 
on the 3-torus. Hence, the system induces a partially hyperbolic diffcomorphism 
on the resulting quotient manifold with a center foliation by circles and four center 
leaves with non-trivial holonomy corresponding to the fixed points of the Z2-action 
on the 2-torus and coinciding with the singular leaves of the Seifcrt fibration over 
the 2-orbifold. 

This example can be generalized in the following way: 

Example 2.3. Let M be a compact manifold, G a compact Lie group and H < G a 
finite subgroup which acts freely on M x G by the canonical product action (x, g) >— ► 
(h.x, gh^ 1 ). Let / : M —* M be a iZ-equivariant Anosov diffeomorphism, i.e. 
f(h.x) = h.f{x) for all x e M and h e H . Let <j> : M — > G be a smooth iJ-invariant 
map. Then JV := M Xjj G = M x G/(h.x,g) ~ {x^ghT 1 ) is a compact manifold 
and the partially hyperbolic skew product : M x G —* M x G, F$(x,g) = 
(f(x),<p(x)g) induces a partially hyperbolic diffeomorphism : N —* N. The 
center foliation {{x} x G/(x ~ h.x)} is a compact foliation and the holonomy group 
of W c (x, g) = G/H x equals the isotropy group H x of the //-action on M . 

Although all leaves are compact manifolds, it can occur that the volume of a ball 
with increasing radius inside a leaf is unbounded. This cannot occur if the codi- 
mension of the foliation is one or two, as shown in [Rce52] for codimension one on 
non-compact manifolds and in [Eps72] for codimension two on compact manifolds. 
But Sullivan constructed in [Sul76a] and [Sul76b] a flow on a compact 5-manifold, 
that is a codimension 4 foliation, such that every orbit is periodic but the length 
of orbits is unbounded. Later, Epstein and Vogt in [EV78] constructed an example 
of a foliation by circles with the same properties on a compact 4-manifold. In the 
following we will therefore assume a compact center foliation with finite holonomy 
if the codimension is strictly greater than 2. 

The reason why we restrict ourselves to uniformly compact foliations is closely re- 
lated to the point that in that case there exist small saturated neighborhoods V(L) 
of any leaf L that are foliated bundles p : V(L) — ► L and the holonomy group is 
actually a group. This fact is the content of the Reeb Stability Theorem which is 
proved in the present form in [CCOO]: 

Theorem 2.4 (Generalized Reeb Stability). If L is a compact leaf of a C 1,0+ - 
foliated manifold (M, J 7 ) and if the holonomy group Hol(L, y) is finite, then there is 
a normal neighborhood p : V — > L of L in M such that (V, F\v,p) is a fiber bundle 
with finite structure group Hol(L, y). Furthermore, each leaf 'L'\y is a covering space 
p\l> '■ L' — > L with k ^ \Hol(L,y)\ sheets and the leaf L' has a finite holonomy 

r , IHol(L.y) 

group of order 1 v fc " . 

Not only locally, but also globally the leaf space of a uniformly compact foliation 
has a good structure, as it is a Hausdorff space which is shown in [Eps76] and 
[Mil75] respectively: 

Theorem 2.5 (Epstein, Millet). Let M be a foliated space with each leaf compact. 
Then the following conditions are equivalent: 

• The quotient map ir : M — > M jT is closed. 

• Each leaf has arbitrarily small saturated neighborhoods. 

• The leaf space M/J- is Hausdorff. 
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• If K ez M is compact then the saturation ir~ 1 irK of K is compact, this 
means, the set of leaves meeting a compact set is compact. 

• The holonomy group on every leaf is finite. 

Further, it can be elementarily proved that the quotient topology is generated by 
the Hausdorff metric dn between center leaves in M and hence, MjT c is a compact 
metric space. 

Remark 2.6. A natural question is if there can exist a partially hyperbolic dif- 
feomorphism with a /-invariant compact center foliation which is not uniformly 
compact. There are results which answer this question negatively under additional 
assumptions by Gogolev in [Gogll] and Carrasco in [Car 10]. 

Remark 2.7. In the case of a trivial center holonomy the resulting leaf space is 
a topological manifold. We showed in [BB112] that in this case the partially hy- 
perbolic diffeomorphism is dynamically coherent, and accordingly, the center-stable 
and center-unstable foliations induce stable and unstable topological foliations in 
the leaf space, the induced homeomorphism F on the leaf space is then expansive 
and has a local product structure. 

2.2. Finite homeomorphism groups. We assume that the holonomy group of 
any center leaf is a finite group, unless in the case of a codimension-2 center foliation 
where it is implied by the compactness of the foliation. For every x e M and 
L e J- c the holonomy group Hol(L, x) consists of periodic homeomorphisms and 
acts continuously on the smooth manifold T transverse to L at x e L. Therefore, 
we can find some useful results on the fixed point sets of such homeomorphisms of 
the theory of finite transformation groups which we need and cite here. First, it 
is quite obvious that any non-trivial periodic homeomorphism of (—1,1) — > (—1,1) 
which leaves the origin fixed reverses the orientation. 

Lemma 2.8. Let Homeo ((—1, 1), 0) be the group of germs at e K of homeomor- 
phisms which leave e R fixed. Let G be a finite subgroup of Homeo ((— 1, 1),0). 
Then G has at most 2 elements. If G has 2 elements, then one of them reverses 
orientation. 

Remark 2.9. As a direct implication it follows that every transversely oriented 
codimension one foliation with finite holonomy has actually trivial holonomy. 

The following theorem describes the fixed point set of periodic homeomorphisms 
of the two-dimensional disk D 2 cz R 2 (announced in [vK19] and [Brol9], proved in 
[Eil34].) 

Theorem 2.10 (Theorem of Kerekjarto). Suppose g : D 2 — ► B 2 is a periodic 
homeomorphism of period n > 1 . Then g is topologically conjugate to a orthogonal 
matrix A e 0(2), i.e. there is a homeomorphism h such that g = h~ 1 Ah. If g is 
orientation-preserving, the set of fixed points is a single point which is not on the 
boundary. If g is orientation-reversing, then g 2 = id and the set of fixed points is a 
simple arc which divides D 2 into two topological discs which are permuted by g. 

We will need that any periodic homeomorphism on a open disk is conjugate to a 
finite order rotation around the origin or to a reflection. This is a consequence of 
the Theorem of Kerekjarto proved in [CK94]: 

Corollary 2.11 ([CK94]). Let f : R 2 — » R 2 be a periodic homeomorphism. Then 
f is conjugate to a finite order rotation around the origin or to the reflection about 
the x-axis. 
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Unfortunately, equivalent statements in higher dimensions are only available in the 
case of a differcntiable group action: Bochner showed in [Boc45]) that if a com- 
pact group of local transformations has a fix point and if it is uniformly smooth 
(C k , k > 1), then there exists a smooth local change of coordinates such that the 
transformations act linearly with respect to this new coordinate system. In partic- 
ular, if a uniformly compact foliation of codimension q is transversely differcntiable, 
the holonomy group can be assumed to act linearly as a subgroup of 0(q) on the 
transversal. 

But Bing constructed in [Bin52] a counterexample of a 2-periodic homeomorphism 
h of the 3-dimensional euclidean space (or on the 3-sphere) which has a double 
horned sphere as fixed point set and is therefore not topologically conjugate to 
a linear map. With this involution one can easily construct a foliation defined 
by a fibration on a mapping torus S 3 x [0, l]/(x, 0) ~ (h(x),l) which has leaves 
(corresponding to the fixed points of h) with a holonomy group generated by this 
homeomorphism h. 

Question 2.12. Does there exist a partially hyperbolic diffeomorphism with a 
compact center foliation such that 

1. the center holonomy of every leaf is induced by a global group action and 

2. the fixed point set of this global group action (corresponding to the center 
leaves with maximal holonomy) is not a submanifold? 

More generally, does there exist a partially hyperbolic diffeomorphism with a uni- 
formly compact center foliation which has a holonomy group which is not a group 
of isometries (there does not exist a local coordinate system such that the group 
acts as a group of isometries with respect to these local coordinates)? 

For any dimension we can use the following theorem by Newman in [Ncw31] about 
the fixed point set of a periodic homeomorphism: 

Theorem 2.13 (Newman). Let M n be a n- dimensional connected manifold and 
g : M n — > M n a periodic homeomorphism. If the set of fixed points of g has a 
non-empty interior, then g is the identity map on M n . 

2.3. Dynamical coherence and structural stability. Although there exist three 
foliations tangent to the center, unstable and stable bundle respectively it is not 
clear that the center unstable bundle E cu := E C ®E U or the center stable bundle E cs 
are integrable. A counterexample on the 3-torus is constructed in [HRHU10]. The 
property in question is defined as follows: A partially hyperbolic diffeomorphism / 
is called dynamically coherent, if there exist a center stable foliation T cs tangent 
to E cs = E S ®E C and a center unstable foliation T cu tangent to E cu = E c © E u . 
Dynamical coherence is essential for our investigation of partially hyperbolic sys- 
tems with a /-invariant uniformly compact center foliation. Due to dynamical 
coherence any smooth manifold transversal to a center manifold L c (x) is foliated 
by stable and unstable leaves induced by the center-stable and center-unstable fo- 
liation. 

We showed in [BB112] that every partially hyperbolic diffeomorphism with a /- 
invariant uniformly compact center foliation is dynamically coherent. Further, us- 
ing the shadowing property for center leaves we showed in [BB112] that (/, J 70 ) is 
plaque expansive and hence, structurally stable. This means, we can perturbc / a 
bit in order to get a diffeomorphism as smooth as we want without changing the 
dynamical properties. 

2.4. Codimension 2 and Codimension 3. Before we start with the proofs of 
our results we outline the proof of Theorem 1 for the case that the center foliation 
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has codimension two or three. In these cases the low codimension allow a more 
direct approach: 

2.4.1. Codimension 2: We recall that we do not have to assume a finite holo- 
nomy in this case as it is implied by the compactness of leaves (cp. [Eps72]). 
As dimE u = dimE s = 1 the center holonomy is trivial if the stable and unstable 
bundle are oriented. So, by lifting the diffeomorphism to the at most 4-sheeted ori- 
entation cover of M we can assume that the center foliation is without holonomy. 
The 2-dimensional leaf space M/F c is then a topological manifold and the partially 
hyperbolic diffeomorphism / induces an expansive homeomorphism F on M/J- c . 
A theorem by Lewowicz in [Lew89] implies then that F is conjugate to a hyper- 
bolic toral automorphism. The proof that a 2-shected cover suffices to eliminate 
the center holonomy follows the lines of Section 5 (see proof in Subsection 5.2.1). 
Further, the result is more precise in this case: We can easily conclude that there 
are either four center leaves with non-trivial holonomy or none. Every non-trivial 
holonomy homeomorphism is a rotation by n. The leaf space is either a 2-orbifold 
with four elliptic points and underlying manifold 2-sphere or it is a 2-torus. 

2.4.2. Codimension 3: Assuming that dimE s = 2 and dimi?" = 1 we can also 
completely describe the possible center holonomy groups as we can use the Corol- 
lary 2.11 above. So, if E u and E s are oriented, we know that every center holonomy 
homeomorphism is the identity in the unstable direction and a finite rotation in the 
stable direction. It is left to rule out the possibility of a non-trivial rotation, this is 
done with the methods of Section 5. Consequently, we have trivial center holonomy 
and the leaf space is a topological 3-manifold with an induced expansive homeo- 
morphism F. Applying the first item of Theorem 1, proved below, a Theorem by 
Vietiez in [Vie99] (together with [Fra70]) implies directly that F is conjugate to a 
hyperbolic toral automorphism. In contrary to codimension 2, it is indispensable 
for this conclusion that F is transitive (see Subsection 5.2.2 below). As in the case 
above, we get a complete description of the possible partially hyperbolic systems 
with a compact center foliation of codimension 3: The leaf space M/W c is either a 
3-orbifold T 3 / (—id) with 8 singular points or a 3-torus. 

3. The chain recurrent set of the quotient dynamic 

Let / be a partially hyperbolic C -diffeomorphism with a uniformly compact center 
foliation T c . Denote with F the homeomorphism on the quotient space M/F c 
induced by /. We call the dynamic by F on the leaf space M/F c shortly the quotient 
dynamic. The results in this subsection hold in this general setting without any 
restrictions on the codimension of the center foliation. Let Lj e T c for i e N denote 
center leaves during this proof. For any e > we call a e-chain of center leaves from 
L to L' a finite sequence {Li}™ =0 of center leaves such that djj(/(ij), Lj+i) < e for 
i = 0, ... ,n — 1 and Lq = L and L n = L' . A leaf L is chain recurrent if for all 
e > there is a e-chain from L to L. Let denote the set of chain recurrent leaves 
with CR(-F) called chain recurrent set. We denote with 

CR(L) := {L' e F c | Ve > 3 e — chain from L to L' and one from L' to L } 

the chain recurrent class of a center leaf L. Then the chain-recurrent set CR(F') is a 
union (J CR(L) of chain-recurrent classes. Each chain recurrent class is a compact 
J rc -saturated and /-invariant set. We denote for L e J c with Ff oc (L) the union 
of local stable leaves through the center leaf L, i.e. {j zeL L s loc {z), and equivalently 

with^ oc (£)=LU£r c(z)- 

We can then prove the following results about the chain recurrent classes of F: 
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Lemma 3.1. The induced homeomorphism F : M jT c — > M/J- c on the leaf space 
has only finitely many chain-recurrent classes. 

Proof. Assume that there are infinitely many chain-recurrent classes. Then for 
every 5 > there exist center leaves L\ and L2 such that CR(Li) n CR(L2) = 
and L2 c Bh(Li,S). We choose 6 > sufficiently small. Then the intersection of 
F™ 0C {Li\) with Ff oc {Li2) and conversely of J-i oc {Li) with T^J^L-i) contain at least 
one point, and we can construct for every e > a e-chain which connect CR(Li) and 
CR(L2) and conversely. This implies the equality of both chain recurrent classes: 
CR(Li) = CR(L 2 )- 

□ 

We denote the finite chain recurrent classes with Qi,...,Cl n . It is (J" =1 fij = 

CR(F). For all L e T c define the compact sets = C\ n>0 (Ufc>ri f k (L)) an d 

a(L) = Hn>o (Ufe>n f~ k (L)) , called uj- and a-limit sets. First, we recall the fol- 
lowing fact: 

Claim 3.2. For all L e T c there exists i,j e {1, . . . ,n} such that u)(L) cz J7j and 
a(L) cz ilj. 

The finite number of chain recurrent classes fii, . . . , Q n composes the chain recur- 
rent set CR(F). There exists a natural way to order the chain recurrent classes: We 
say that f2j < O, if for every e > there exists a e-pseudo orbit {L n } neZ of center 
leaves such that djy(X n ,r2j) —* for n — » — 00 and dH(L n ,ilj) — » for n — > 00. 
This order on the set of chain recurrent classes together with the finiteness of chain 
recurrent classes implies directly the following corollary, due to Conley theory, see 
[Con78]: 

Corollary 3.3. There exists a chain-recurrent class cz CR(-F') which is a repeller, 
i.e. there exists a T c -saturated neighborhood U 3 Q such that /" 1 ((7) cz U and 

n n > r n u = n. 

We recall that we proved in [BB112] the dynamical coherence of / and further 
the so-called completeness, that is, every center stable leaf L cs of the center stable 
foliation LF CS tangent to E c © E s is equal to the union of stable leaves through one 
center leaf L cz L cs , what we denote with the stable leaf F s (L) of the center leaf 
L. With this notation, we state the following property which plays a crucial role 
in the proof of transitivity: 

Lemma 3.4. 

U F S (L) = M. 

LeCR(F) 

Proof. Let L e T c be an arbitrary center leaf. Claim 3.2 implies that there exists 
a chain recurrent class such that ui(L) cz Consequently, there exists n > 
and L n cz such that f n L and L n are sufficiently close such that there is a center 
leaf L' n cz J r i " c (i„) n J-f oc (f n L) contained in the intersection of the center stable 
with the center unstable leaf. We prove that L' n cz f2j: 

Claim 3.5. With the notations above it is L' n cz fi^ 

Proof. It is a(L' n ) = a(L n ) because L' n cz J r ; " c (L„), and therefore ct(L' n ) cz fi^. On 
the other hand, L' n cz Ff oc {f n L), so w(L' n ) = uj{L) cz fi^ As L' n is chain recurrent 
to u(L' n ) and cj(L' n ), this implies that L' n cz fi^. □ 



This implies directly that f n L cz LF s {L' n ) with L' n cz il t . Hence, L cz J" s (Oi). 



□ 
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Because every center stable leaf L cs e T cs is by the completeness of the foliations 
equal to the stable foliation T S {V) through any center leaf L a L cs we get the 
following consequence of the previous Lemma: 

Corollary 3.6. For every center stable leaf L cs there exists is {1, . . . , n} such that 
L cs n Cli ^ 0. 

With the help of the previous results we can now prove the transitivity of F under 
the additional hypothesis of a one-dimensional unstable direction. 

4. Central transitivity 

We proceed with the proof of the central transitivity, the first item of Theorem 1 . 
The central transitivity of / is equivalent to the transitivity of the induced homco- 
morphism F on the leaf space which is a compact metric space with induced (prob- 
ably) singular stable and unstable foliations. Recall that Newhouse in [New70] 
proved that any codimension one Anosov diffcomorphism is transitive. We can 
not adapt his proof to our setting as it essentially requires differentiability and the 
existence of non-singular foliations which provide a local product structure but we 
can use the main idea of a simplified proof by Hiraide in [HirOl] of Newhouse's 
theorem. The adaption of this idea is not straightforward as points are substituted 
by compact center manifolds with probably non-trivial holonomy in our case. So 
we do not have a local product structure. In fact, a local stable leaf may intersect 
a local unstable leaf several times (cp. Example in [BW05] and the discussion of 
its pathological behavior in [BB112]). The main ingredient to accomplish the proof 
is the Shadowing Lemma proved in [BB112] and the decomposition of the chain 
recurrent set (see below) in the setting of a uniformly compact center foliation. 
The following Theorem is identical to Theorem 1(1). 

Theorem 3 (Theorem 1(1)). Let f : M — » M be a partially hyperbolic C 1 - 
diffeomorphism with a uniformly compact f -invariant center foliation. Suppose 
that dimE u = 1. Then f is centrally transitive. 

Remark 4.1. First, we observe that Theorem 3 proved under the additional as- 
sumption of an orientable unstable bundle E u implies Theorem 3. If the unstable 
bundle is non-orientablc, the whole system / can be lifted to a partially hyperbolic 
system / on the 2-cover M of orientation of E u and / fulfills all the assumptions 
of Theorem 3 plus orientability of E u , hence, the diffcomorphism / is centrally 
transitive and consequently, / is centrally transitive. 

Remark 4.2. In the following we assume that the codimension of the center folia- 
tion is greater or equal than three. The case of a codimension 2 center foliation 

can be treated in a far more easier way without using central transitivity as we ex- 
plained above in Subsection 2.4 and Subsection 5.2.1 respectively. 

From now on we suppose that E u is one-dimensional and oriented. As a conse- 
quence, the center-stable foliation J- cs is without center holonomy. The proof of 
the theorem divides into the following two steps: 

Proposition 4.3. Under the assumptions of Theorem 3, the difjeomorphism f is 
centrally chain transitive, i.e. F : M/J- c — > M/J- c is chain transitive. 

Proposition 4.4. Let f : M — > M be a partially hyperbolic C 1 -difjeomorphism 
with a uniformly compact center foliation. If f is centrally chain transitive, then f 
is centrally transitive. 

The proof of Proposition 4.4 is a direct implication of the Shadowing Lemma on the 
leaf space, proved in [BB112]. Clearly, Proposition 4.3 and Proposition 4.4 imply 
Theorem 3. So the main step is the proof of Proposition 4.3. 
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4.1. Proof of Proposition 4.3. The notations used in this subsection are in- 
troduced in Section 3 above. We consider a repeller Cl <= M and a ^-saturated 
neighborhood U z> Cl such that U n f2j = for any other chain- recurrent class O^- . 
For all center leaves L e it is .F S (L) c 0. For the proof of Proposition 4.3 we 
show the following Lemma: 

Lemma 4.5 (Principal Lemma). Assume there exists a repeller Cl # A/. For any 
open J- c -saturated neighborhood U z> Cl such that U n CR(F) = £/iere exists a 
center leaf L czU \Cl such that !F 8 (L) cz U. 

Proof. Proposition 4.3 This Lemma together with the previous results about the 
chain recurrent classes in Section 3 implies Proposition 4.3 directly: Lemma 4.5 
implies that there exists L cz U such that J- S (L) cz U. As Ui'eCR(F) F S (L') = M 
with Corollary 3.6 the intersection T S (V) n CR(F) # 0. Hence, there exists j e 
{1, . . . , k} and V cz Clj such that F S (L) = F S (L'). This implies that V cz U n fij 
contradicting the assumption that {/ n CR(F) = f2. So we have Cl = M. □ 

We prove now the Principal Lemma 4.5 in several smaller steps: 

Lemma 4.6. Let f : M —* M be a partially hyperbolic C 1 -diffeomorphism with a 
f -invariant uniformly compact center foliation T c . Assume dimE u = 1 and E u is 
oriented. Further, let Cl ¥= M be a ^-saturated repeller with respect to the dynamic 
F of the center foliation. Then there exist finitely many J- € -saturated neighborhoods 
Vi cz U with [J hit Vi zd CI such that 

• there is a homeomorphism <j) : Vi — > Ui X [—1,1] where 

• Ui is a tubular neighborhood of Li 6 J- c inside !F s (Li) and pi : Ui — > Li fibers 
over Li and 

• ( t>^ 1 {{ x } x ( — 1) 1)) coincides with a unstable segment of the unstable foliation. 
Further, every border plaque homeomorphic to Ui x {+1} is either contained in the 
interior of CI or it lies completely outside of CI. Especially, there exists i such that 
the plaque Ui x {e} 7 ee { — 1,1} is disjoint from CI. 

Proof. Under the assumptions above we showed that / is dynamically coherent, 
hence, the center stable foliation is subfoliated by the stable and center foliation. 
Therefore, we can apply the Reeb Stability Theorem to the uniformly compact foli- 
ation T c inside the center stable foliation T cs . This together with the compactness 
of the repeller CI gives us directly the existence of finitely many open ^-saturated 
sets Wj cz U inside the center stable foliation T cs through CI such that every set 
Wj is a tubular neighborhood of a center leaf Lj and pj : Wj — * Lj is a fiber bundle 
where every fiber is a stable disk inside J- s (Lj) n Wj. 

The unstable foliation !F U is one-dimensional, oriented and transverse to the center 
stable foliation J 7 " 8 . The center unstable foliation is by the dynamical coherence 
subfoliated by the unstable and center foliation. By applying the Reeb Stability 
Theorem to the uniformly compact center foliation inside the center unstable folia- 
tion we get J-" c -saturated tubular neighborhoods Yfc such that Yfe is homeomorphic 
to Lfc x (—1, 1) where L^ is a center leaf inside Yfe. Every Yfe is trivially foliated as 
a product because the holonomy along center leaves is trivial. We fit both sets of 
J^-tubular neighborhoods (Wj) and (Yfe) together by centering them in the same 
center leaf Lfe of Yfe and by shrinking them if necessary such that we obtain some 
compact J rc -saturated sets Vi which are homeomorphic to Ui x [— 1 , 1] where every 
Ui has the same properties as Wj above. This gives the first three items of the 
Lemma. 

The last item is a direct consequence of the fact that CI is a repeller and LF CS - 
saturated. Therefore any tubular neighborhood Ui inside a center stable leaf lies 
either completely inside or outside of Cl. 
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We have now a cover with compact sets of f2 inside the open neighborhood U of O. 
By changing a bit the parametrization of the unstable foliation of the compact sets 
Vi we could assure that there exists one Vi such that either Ui x {1} or Ui x { — 1} 
lie completely outside fl. 

□ 

Remark 4.7. 1. For simplicity, wc denote the ^-saturated stable plaque through 
x 6 U by U x abbreviating (f>~ 1 (Ui x {t}). We also identify Vi with its home- 
omorphic image Ui x [—1,1]. 

2. As every unstable leaf of T u is homeomorphic to K we have a natural order 
on every unstable segment. 

3. By changing the orientation of T u we can assume that there exists i such 
that Ui x {1} lies outside 0. 

From now on we fix a cover (Vi) of Q with the properties given by Lemma 4.6. In 
every neighborhood Ui x [—1,1] if possible we choose points m s e which are the 
maximal points of intersection with respect to the orientation of E u , i.e. the set 
L+(rrii) = {ze L u (rrii) | z > m^} does not intersect f2. 

Lemma 4.8. There exists a compact set A cz L cs (mi) such that 

1. A contains all plaques U nlj of points n%j where n%j e L cs (mi) and 

2. L cs (m\) n A is path- connected. 

For any wik e L cs (nii) the stable leaf L s (m,k) intersects L c (m\) because of the 
dynamical coherence. 

Claim 4.9. For any rrik e L cs (mi) there exists Ck > smc/i i/iai £/ie stable projec- 
tion distance from L c (mk) to L c (mi) is bounded by Ck- 

Proof. As O is covered by finitely many neighborhoods Vi, we find a finite sequence 
of ^-saturated stable plaques Ui,i = 1, . . . , Ik such that UiC\Ui + i and rrik e Uq 
and mi e P/ fc . As the sets Ui by choice are tubular neighborhoods of a center leaf, 
the stable projection diameter is bounded by some c > 0. By the finiteness there 
exists Ck = Ik * c > such that the stable distance from L c (rrik) to L c (mi) is 
bounded by Ck- □ 

As there are only finitely many plaques U mk cz L cs (mi) there is a maximal C = 
max Ck ■ We define A as the ^-saturate of the union of closed disks D s of size C 
in every stable leaf inside L cs (m\) which intersects a plaque U mk , so it is compact 
as a finite union of compact sets, and the saturate is also compact. The proof of 
the following proposition finishes the proof of the Lemma in the following way: We 
define A as the corresponding compact set L cs (rrii) z> A d Ao such that L cs (mi) \ 
A is connected where the existence of such a set A is due to Proposition 4.10: 

Proposition 4.10. For every center stable leaf L cs 6 J- cs and for every compact 
set K cz L cs there exists a compact set N cz L cs such that K cz N and L cs \ TV is 
connected. 

With the help of the following Lemma we can prove Proposition 4.10: 

Lemma 4.11. For every center stable leaf L cs e J- cs there exists a center leaf 
Lq e L cs such that for every stable manifold L s cz L cs it holds that L s cuts Lq in 
exactly one point. 

The center foliation T c is a uniformly compact foliation and the manifold M is 
compact, hence, there exists a maximal cardinality of the holonomy groups of the 
center leaves. Consequently, there exists for every center stable leaf L cs e F cs 
a center leaf Lq cz L cs with maximal holonomy inside L cs , this means, for every 
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center leaf L 1 cz L cs it holds that | Hol(Xi)| «S | Hol(L )|- 

We prove now the following Lemma which immediately implies Lemma 4.11: 

Lemma 4.12. Let L cs e F cs be a center stable leaf and let Lq e L cs be a center 
leaf such that | Hol(Li)| ^ | Hol(Lo)| for every center leaf Li cz L cs . Then Lq cuts 
every stable leaf L s cz L cs exactly once. 

Proof. We have fixed a finite cover (Vi) of defined by Lemma 4.6. Every T c - 
saturated set Vi is homeomorphic to Ui x [—1,1]. Then there exists a Lebesgue 
number 7 > such that for all x e f2 there exists i such that lF c (W^(x)) = 
{L y eT c \ ye W°(x)} cz U t . 

Assume there exists L s cz L cs such that there are x±,X2 e L s n Lq with x\ ^ 22- 
Then we could assume that x 1: X2 lie inside a local stable manifold L^(xi) with 
diameter 7. Consequently, there exists i such that J" c (W^(xi)) cz Ui and therefore 
this implies Lq cz Ui. The set Ui is a fiber bundle over a center leaf with locally 
maximal holonomy group, this means, there exists a center leaf Li cz Ui such that 
Pi : Ui — > Li is a fiber bundle and Pi\L '■ Lq — > Li is a finite covering. As Lq 
cuts W*(xi) at least in two different points £1,22 there exists x e Li such that 

xi,X2 e p~ 1 \l (x). This implies that 2 1 Hol(Lo) I ^ |Hol(Lj)| contradicting that Lq 
is the center leaf with maximal holonomy inside L cs . □ 

We need the following Lemma to conclude the proof of Proposition 4.10: 

Lemma 4.13. There exists 7 > such that for all center leaves L cz L cs where L 
intersects every stable leaf L s cz L cs in at most one point holds: 

|J L s 2l {x) x |J L'^x) 

is connected. 

We denote F°{L) := \J xeL L^x). 

Proof. A local stable manifold is a disk, hence, there exists 7 > such that for any 
x e M the local stable manifold L*L(x) is a disk inside L s (x). As the stable leaf 
L s (x) is homeomorphic to R ds , this implies that L 2l {x) \ L^(x) is connected. 
Because L intersect L s (x) for every x e L at most once, the set F*(L) is a trivial 
fiber bundle over L, so F~(L) = L^(x) x L, and hence, J"| 7 (L) x F^{L) = {L 2l {x) \ 
L^(x)) x L is a product of connected sets and therefore connected. □ 

This directly implies that for any center stable leaf L cs and any center leaf L with 
the properties of Lemma 4.13 L cs \ J~^(L) is connected. 

Proposition 4-10. The set K is compact, therefore there exists n such that f n K cz 
W°(f"L). Choose N := f- n W°(f n L), then Lemma 4.13 implies the statement. □ 

We denote with (x,y) u cz L+(x) = \z e L u (x) | x < z < y} the open arc in the 
unstable leaf with x < y with respect to the orientation of T u . 

Lemma 4.14. For all x e L cs (mi) \ A there exists y e L v j_(x) n f2 smc/i £/ia£ 
(x,y) u n f2 = 0. 

Proof. Let x e L cs (mi) \ A be an arbitrarily chosen point. There exists some 
neighborhood Vi and a center stable plaque Ui x {p} = U x cz fl with p < 1 within 
Vi such that rr. is contained in it. The point x is not inside A, hence, there is 
no maximal point m, of intersection inside U x n Q, so there must exist a point 
y e Lzi(x) n O with y > x in sense of orientation of E u . We choose y minimal (with 
respect to the orientation of E u ) with these properties, so it follows (x,y) u n 0. 

□ 
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We denote with I x = (x,y) u where y is defined by Lemma 4.14 above. 

Lemma 4.15. Let x±,X2 e L cs (mi) \ A then for every path 7 (up to homotopy) 
with 7(0) = X\ and 7(1) = 22 there exists a homeomorphism H 7 : I Xl — > I x . 2 . 

Proof. Let xq,x\ e Ui x {t} where Ui is some center stable plaque defined by the 
cover (Vi = Ui x [—1,1]) of 51 and let 7 be a path from xq to x\ inside E7,. The 
neighborhood V, is a trivial product of Ui and [—1, 1], so we can lift for every y e I Xl 
uniquely the path 7 to a path j y starting at y. We then define H 1 (y) = I X2 n j y . 
This map is then a homeomorphism because the path lifting depends continuously 
on y e I Xl and the map is injective by the uniqueness of the lifted path and the 
triviality of the product. 

As W cs (mi) \ A is covered by finitely many V{ we can define for any xq,Xi the 
map Hy as a concatenation of local homeomorphisms defined on every Vi . 

□ 

Lemma 4.16. Let X\ e L cs [m\) \ A and 7 a closed path with 7(0) = 7(1) = x\ 
then H-y = id. 

Proof. Assume H 1 id. As iJ 7 is an orientation preserving homeomorphism of the 
intervall I Xl there exists a fixed point t e I X1 such that either the intervall (t, t + e) 
or (t — e, t) is attracted. 

The closed path 7 can be uniquely lifted to a path j t through t inside the center 
stable leaf L cs (t) through t. The center stable leaf L cs (t) has a germ of a holonomy 
homeomorphism h lt which is not the identity contradicting that the center stable 
foliation has trivial holonomy. □ 

Lemma 4.17. Let y e (mi) be a point sufficiently close to mi- Then L cs (y) c 
U. 

Proof. Let A' <= L cs (mi) be a compact ^-saturated set such that A ez int(A'). 
As A' is compact we can cover it with finitely many Vi of the cover (Vi). By the 
choice of A' it can be covered by ^-saturated stable plaques Uk inside V,. Each 
of these plaques Uk n A' can be pushed inside V, to the ^-saturated stable plaque 
through L cs (y), i.e. Vi n L cs (y) as Vi is a product neighborhood with respect to 
the center stable foliation - given y e L"(mi) sufficiently close to mi. In this way 
we obtain a homeomorphic set A' y through y. Fix yo e A' \ A. By Lemma 4.14 
there exists a j/o such that (yo,ya) u c L+(yo) does not intersect H. We choose 
then y e L"(mi) in such a way that A' y cuts (yo,yn) u - Then the holonomy map 
Hy o x is well-defined for any x e L C8 (mi) \ A. The proof of the following claim 
ends the proof of the Lemma. □ 

Claim 4.18. With the notations above, for any yo e A' \ A we have 

L cs (y) = A' y u |J HIJyo) 

xeL cs (mi)\A 

for y = A' y n (y ,yn) u - 

Proof. The set is actually equal for any point yo e A' \ A, so it does not depend 
on the choice of yo- D 

To finish the proof of Theorem 3 we have to prove Proposition 4.4 which is a 
consequence of the Shadowing Lemma in the leaf space: 

Proposition 4-4- ln the following we prove that any centrally chain transitive / 
under the assumptions of Proposition 4.4 is centrally transitive. This is a direct 
consequence of the Shadowing Lemma which we proved in [BB112] for partially 
hyperbolic diffeomorphisms with a uniformly compact center foliation: Let x,y be 
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any pair of points in M jT c . Let e > be given. The Shadowing Lemma implies 
that there exists 6(e) > such that every <5-pseudo orbit is e-shadowed. As F is 
chain transitive, we find for 5 > a finite <5-chain x = xq, . . . ,Xk = y from x to 
y such that du{f{L Xi ), L Xi+1 ) < 5 where L Xi denotes the center leaf through Xi. 
Then there exists w such that d}i(f l (L w ), L Xi ) < e for i = 0, . . . , k, especially, it is 
dn{L Xl L w ) < e and d,H{f k {L w ) 1 L y ) < e. So F is transitive. □ 

5. Trivial Holonomy 

We can now show that the center foliation has only trivial holonomy under the 
assumption of a one-dimensional oriented unstable direction. First, we prove some 
general preliminary results about the center holonomy group: 

5.1. Center holonomy. Let <f> : D q — > M be a smooth embedding of a g-dimensional 
disk D q where q = codimJ 7 ' 1 , 0(0) = x and 4>{D q ) =: T is transverse at x to 
L = L x e T c . Then T cs and T cu induce foliations on T, called T s and T u respec- 
tively. We denote with H 1 a holonomy homcomorphism generated by 7 e 7Ti(L, x), 
with if" a holonomy homeomorphism of the center-stable foliation generated by 
7 E 7Ti(L, x) and with a holonomy homeomorphism of the center-unstable foli- 
ation. 

Lemma 5.1. Let f : M — » M be a C 1 -partially hyperbolic system with a f -invariant 
uniformly compact center foliation T c . Assume dimi?" = 1. For all 7 e 7i"i (L, x), 
the holonomy map H 7 : T — » T is a cartesian product x . If E u is oriented, 
then it holds = id. 

Proof. Let 7 6 7Ti (L, x) be an arbitrary closed path. The path 7 is tangent to a leaf 
of F cs and to a leaf of F cu as the center foliation F c is subordinate to both foliations. 
As transversal for H™ we can choose T", for in an analogous way T*. As / is 
dynamically coherent and l~ u and 7" s are induced transversal foliations on T, the 
holonomy H^\t% coincides with i?", in an analogous way the holonomy map Hj\t= 
coincides with H^. Locally, the transversal foliations T s and T u induce a product 
structure on T. Therefore H 1 is the cartesian product of x H* and preserves 
the foliations T u and T s ■ If E u is oriented, then F cs is a transversely orientable 
codimension-1 foliation and every holonomy homeomorphism if" : T" — > is 
conjugate to the identity due to Lemma 2.8. □ 

Remark 5.2. The first statement of Lemma 5.1 that every holonomy map is a 
cartesian product of the stable and unstable holonomy restricted to the respec- 
tive center leaf is equally true for all codimensions of a uniformly compact center 
foliation. 

In the following proofs we consider sets of center leaves with a maximal holonomy 
group, and it is crucial for the proofs to know that such sets are /-invariant. Hence, 
we need the following: 

Lemma 5.3. Let Hol(i, x) be a finite holonomy group of a compact leaf L e J- c 
through x 6 M . Let ii 7 6 Hol(i) be a periodic holonomy homeomorphism. Then 
the period of : T — > T is constant along an orbit of f, i.e. the period of Hf Q1 
is equal to the period of Fl 1 . Every holonomy group Hol(/ fe (L), f k (x)) for fc e Z is 
isomorphic to the holonomy group Hol(i, x) of L. 

Proof. Let if 7 e Hol(i, x) be a periodic holonomy homcomorphism. Let fc e N 
be the period of H 1 . The path / o 7 generates a holonomy homcomorphism of 
L(f(x)). Because of the invariance of the foliations we conclude that -ff/07 = 
/ o H y o f^ 1 : f{T) —* f{T). Hence, the period of if/o 7 is equally fc. This 
induces a bijection between the holonomy homeomorphisms H~ t e Hol(L, x) and 
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ff/07 e Hol(/(L), f(x)). Accordingly, the order of the whole holonomy group is 
constant along a /-orbit. □ 

Hence, we can say that / is equivariant under Hoi, i.e. f(H(y)) = H(f(y)) for any 
H e Hoi and y e T. 

We define the following set A of all points x e M whose center leaves have a 
holonomy group Hoi (L, x) of maximal order. 

Lemma 5.4. Let f : M —*■ M be a partially hyperbolic C 1 -diffeomorphism with a 
uniformly compact f -invariant center foliation. Then the following hold: 

1. There exists a point x e M such that the order 

\Ro\(L x ,x)\ = max|Hol(ij,,2/)| 

yeM 

is maximal. 

2. Assume dimE u = 1 and E u is oriented. Then the set 

A:= {yeM \ \Ro\{L y ,y)\ = |Hol (L x , x)\} 
is closed, f -invariant and for any y e A it holds Ty cz A. 

Proof. Due to the Rceb Stability Theorem 2.4 the map x e M 1— * |Hol(L x ,a;)| is 
locally upper semi-continuous and as M is compact, there is always a point x e M 
with a holonomy group of maximal order. So we can show the second item: First 
of all, the set A is /-invariant because the holonomy is constant along orbits of / 
as we showed in Lemma 5.3 above. The set A defined by the maximum of a upper 
semi-continuous set is a closed set. 

Since T cs is a transversely oricntablc codimension-1 foliation every holonomy homc- 
omorphism maps trivially onto itself. The map H™ coincides with H 7 \t^ and 
therefore the holonomy group Ho\(W c (y)) restricted to T" for every 1/ e T" is 
trivial. Choose the transversal T at x to L x such that T a V where V is the neigh- 
borhood of Theorem 2.4. Then for every y e T x it is \Hol (L y ,y)\ s£ |Hol(L X! a;)| 
and p : L y — > L x is a covering space. For every y e V the holonomy group Ho\(L y , y) 
equals the isotropy subgroup of \lo\{L Xl x) for y. As every point y e T x is fixed 
by the entire group Hol(L x ,x), both holonomy groups coincide and |Hol(Lj,, y)\ = 
\Hol(L x , x)\ is implied. 

□ 

As an implication we obtain that the set A of center leaves with a holonomy group 
of maximal order is ^"-saturated if the unstable bundle is one-dimensional and 
oriented. 

Corollary 5.5. Under the assumptions of Lemma 5.4 and further, that dimE u = 1 
and E u is oriented, the set A as defined above is J- cu -saturated. 

Proof. As M is a compact manifold and every center leaf is compact with finite 
holonomy we can find a finite cover of M (and especially of L cu {x)) by normal 
neighborhoods pi : Vi — > L c {x) as in Lemma 5.4 above. In every neighborhood Vi 
it holds that L^" c (x) c A for every x e A and it follows L cu (x) c A. □ 

5.2. Proof of Theorem 1(2). We can proceed directly with the proof of Theorem 
1(2) and show that the holonomy of every center leaf is trivial if the unstable bundle 
E w is one-dimensional and oriented and that otherwise center leaves with non-trivial 
holonomy are isolated. 

Recall that it is shown in [BB112] that / is dynamically coherent. 
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Consider a local transversal T at x to L x e T c and the foliations T s and T u induced 
by J- cs and T cu respectively on T. We define the set 



A:= \ LeT c \ |Hol (L)\ = max |Hol (L y , y) 

of center leaves with holonomy of maximal order. We have shown in Lemma 5.4 
that A is non-empty, J rcu -saturated, closed and /-invariant. 

Lemma 5.6. Let f : M — » M be a centrally transitive partially hyperbolic C 1 - 
diffeomorphism with a f -invariant compact center foliation. Assume dimiJ" = 1 
and E u to be oriented. Then the holonomy of any center leaf is trivial. 

Proof. As / is centrally transitive, we can find a dense positive orbit {L c (f n x)} n>0 
of center leaves. 

Lemma 5.7. Let {L c (f n x)} n>0 be a dense orbit of center leaves. For all y e 

J-" s (Un>o (f nx )) the forward orbit of center leaves Un>o ^ c {f n v) is dense in 
M. 

Proof. Consider y e F s ((J n >o L c (f n x)). Then there exists for some n^Oa point 
w e L c (f n x) such that L s (y) = L s (w). As w and y lie on a common stable leaf the 
center leaves L c (y) and L c (w) converge to each other with respect to the Hausdorff 
metric. So we find N ^ such that d H (L c (f n y),L c (f n w)) < § for all n > N. Let 
B(z, e) cz M be a non-empty open ball around an arbitrarily chosen point z e M. 
As the orbit of center leaves (Jn^o L c (f n w) is dense in M the orbit [J n>N L c (f n w) 
is still dense and we find m > N such that L c (f m w) n B(x, |) ^ and hence 
L c U m v) nB(x,e) # 0. □ 

Choose an arbitrary point y e A then there exists n e N such that sufficiently 
close to y there is a point z £ L c (f n x). Then there is a non-empty intersection 
L u {y) n i cs (z) 3 [z, y]. The point [z, y] is contained in A as A is ^"-saturated and 
[z, y] e i cs (/ n x) . So A contains a point [z, y] e J" s (U„>o ^ c (f nj: )) an d therefore 
the whole orbit of center leaves which is dense according to Lemma 5.7. The set 
A is therefore the whole manifold M. As leaves with trivial holonomy are generic, 
this implies that the maximal order of holonomy groups is one and all center leaves 
have trivial holonomy. □ 

The last step to finish the proof of (2) is to show that every non-trivial holonomy 
of every center leaf in M, not in the cover, has order 2 and has only isolated fixed 
points. We have already shown that the order \H S \ of the holonomy group of 
any center-unstable leaf is always less equal than the order \H U \ of the holonomy 
group of any center-stable leaf. As the center holonomy is trivial on a 2-fold cover, 
every holonomy group has at most order two. So we only have to show that every 
non-trivial holonomy homeomorphism has only isolated fixed points. 

Lemma 5.8. Let f : M — » M be a partially hyperbolic C 1 -diffeomorphism with 
an invariant uniformly compact center foliation. Assume dimi?" = 1. Then the 
center leaves with non-trivial holonomy are isolated. 

Proof. We have shown above that the only non-trivial homeomorphism of the center 
foliation is of period 2 and reverses the orientation of the unstable bundle. We define 
as usually the set A of all center leaves W c (x) with a non-trivial holonomy group 
of order 2. 

So we know that any non-trivial holonomy group Hoi (W c (x)) is isomorphic to 
Z2. Consequently, there exists a closed path 7 with 7(0) = x which generates the 
non-trivial holonomy homeomorphisms and we denote such a non-trivial holonomy 
homeomorphism by H-y = x H" The orientation-reversing homeomorphism 
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if™ :T^—>-T^ has the single point x as fixed point. We assume that Hi : — » 
has non-isolated fixed points, especially x is non-isolated. So there exists a sequence 
{z n } nEN cz T 2 ? of fixed points converging to x e T*. We take a ball B^.(x) cz L s (x) 
with sufficiently small r > such that it is contained in T*. Then we consider 
f~ n Bf,(x) with n e N. For any n the fixed points f~ n Zk are still converging to 
/ _n x for fc — » oo. Hence, we find n sufficiently large such that f~ n B^,(x) lies 
inside infinitely many plaques of L cs (f~ n x) accumulating at f~ n (x). So T^_„ x 
is intersected infinitely many times by these plaques. The set A of center leaves 
with maximal holonomy is a closed and /-invariant set, such that f~ n x e A and the 
intersection points are fixed points of the whole holonomy group. Consequently, the 
holonomy homcomorphism if" : TJ_ nx — * Tf„ x has to be the identity. At the same 
time, the order of the holonomy group is constant along a /-orbit contradicting the 
assumption. 

So we can conclude that the center leaves with non-trivial holonomy are isolated. 

□ 

5.2. f. Codimension 2. To prove Theorem 1 for the case of a compact center foliation 
with codimension two an alternative way is available which we present here for its 
own beauty because it utilizes a different idea without recurring to the transitivity 
of/: 

Let / : M — » M be a partially hyperbolic C 1 -diffeomorphism with a compact center 
foliation and assume dimf?" = dimE s = 1. Assume that E u is oriented. Let A be 
the set of points x e M whose center manifold has a holonomy group of maximal 
order. It follows with Corollary 5.5 that A is a ^"-saturated set. The set A is 
non-empty, so there exists x e A such that the center unstable manifold L cu (x) cz A 
which is an unbounded set inside the compact set A. Therefore it has to accumulate 
inside A. Let z e A denote the accumulation point. Then we find a Reeb stability 
neighborhood V of z and a sequence {D'^ a (x)} n>N cz V of center unstable plaques 
of L cu (x) accumulating at z. The center unstable plaques D™(x) cut the local 
stable manifold D s (z) in points x n converging to z which are therefore fixed points 
of the center holonomy group H\jjs^ restricted to the stable direction. As E s is 
one-dimensional, this group H\ D b^ has at most two elements and unless it is the 
trivial group, z is its unique fixed point. So it is implied that if |d s (z) is the trivial 
group, but z e A which implies that the maximal order of a center holonomy group 
is one, consequently it is A = M finishing the proof. 

5.2.2. Codimension 3. This proof is only a sketch to show which kind of arguments 
might play a role to prove the trivial holonomy: 

Let / : M — > M be a partially hyperbolic C 1 -diffcomorphism with a uniformly 
center foliation and assume dimf?" = l,dim£ ,;i = 2 and E u is oriented. Define 
the set A as above. With the same argument as above we can conclude that for 
every x e A an arc a x a L s (x) lies inside A containing the fixed point of the 
center holonomy group of x restricted to the stable direction. This induces two 
one-dimensional foliations on A, a stable one by o~ x and the unstable foliation. 
Denote with if the holonomy group of maximal order and lift A to A (such that 
A/H = A), the holonomy cover of if. Then every connected component of AjT c 
is a two-dimensional tori. As F is transitive, this is impossible. 

6. Margulis measure 
We recall Theorem 2 which we prove in this section. 

Theorem 4 (Theorem 2). Let f : M —* M be a C 2 partially hyperbolic diffeo- 
morphism with a f -invariant compact center foliation J- c with trivial holonomy. 
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Assume that there exists a dense orbit of center leaves. 

Then there exists a family {/i"} ieJ1 / of regular Borel measures with the following 
properties: 

1. For every x e M the measure /i x is a regular Borel measure on the unstable 
leaf L x , and the measure is positive on non-empty open sets within L x . 

2. The family of measures is invariant under the weakly stable holonomy. 

3. The family of measures is uniformly expanding under f , i.e. there exists 
d > 1 such that fifr x -\{f(A)) = d(J%(A) for every open set A a with 
compact closure. 

Remark 6.1 (Notations). • Every leaf of one of the five /-invariant foliation, 
T u , J- cu , T c , T cs , F s 1 is a Ricmannian manifold, so it is endowed with a 
Riemannian metric and a volume induced by this metric. 

• We denote with B™(x) a L" the set of points inside L" at unstable distance 
< e from x. 

• We denote with J^{L^) := [J zeLc B's(z), the union of local unstable leaves 
through a center leaf. 

Before we start with the proof we state the following facts which arc directly implied 
by our hypothesis. The first lemma is implied by the existence of a dense orbit 
of center leaves and the density of periodic center leaves within M - following 
the classical proof that the stable and unstable foliation of a transitive Anosov 
diffeomorphism arc minimal. 

Lemma 6.2 (Minimality of foliations). For every e > and for every pair of points 
x,y e M the intersection B"(x) <~^L y s is non-empty where B"(x) denotes a ball with 
diameter e (with respect to the distance within L x ) around x within the unstable 
leaf LI. 

Thanks to trivial holonomy wc can define a stable projection distance between 
nearby center leaves (cp Section 4.2 in [BB112]): 

Lemma 6.3 (stable projection distance). Let f : M —* M be a C 1 partially hy- 
perbolic diffeomorphism with a f -invariant compact center foliation with trivial ho- 
lonomy. Then there exists C > and fi > such that for every x,y 6 M with 
d{x, y) < (J, the following holds: 

• For any z e L c y there exists a unique point Tl x ^ y (z) e Bq (z) n J-q ^(L^) ■ 

• The map z >— > H x y (z) is continuous, and we define the stable projection 
distance by 

& S proj( x >y) = SU P d s {z,W XtV {z)). 

• The distance Ap roj - (x, y) is bounded by fi and independent of the points inside 
L c x ,L c y , so we can set A s proj (x,y) = A s proj (L c x7 L c y ) . 

• If d(x,y) < fi and d(f(x),f(y)) < fi, then there exists < A < 1 such that 
A s proj (f(x),f(y))<XA s proj (x,y). 

The proof of the local version of this Lemma is contained in Section 4.2 of [BB112]. 
Consider x,y e M with d(x, y) < \i. Then we can define the local weakly sta- 
ble holonomy map h x y : Bq^(x) — * {y) for any z e B^^x) such that z h-» 
h s {z) := L c z s n B^ (y) is well defined and continuous. If we saturate the two 
open balls B^^ (x) and B^^ (y) inside L c x and L c y by the center foliation then it is 
clear by the definition and the trivial holonomy of the center foliation that for any 
z e Bq^(x) the map L c z >-* L^.s is well defined. 

Now we can state a direct corollary of Lemma 6.2 and the compactness of M: 
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Corollary 6.4. Let A a L y u be a non-empty open set whose closure A is compact 
inside L y . Then there exists e(A) > and r{A) > such that for every x e M the 
set B\ A) (x) cuts T CS (A) and h s (T c (B^ (A) (x))) is a subset C of F C {A) such that 
the stable projection distance between J- c {B^ A ^(x)) and C is bounded by e(A) > 0. 

After the minimality of the center stable foliation the second crucial property which 
is necessary for the construction of the family of measures is the absolute continuity 
of the strong stable and strong unstable foliations. The original proof for Anosov 
diffeomorphisms is due to Anosov, for partially hyperbolic diffeomorphisms it was 
proven by Brin and Pesin, Pugh and Shub: 

Theorem 5 ([BP74],[PS72]). The stable and unstable foliation of a C 2 partially 
hyperbolic diffeomorphism have absolutely continuous holonomies, i.e. given x,y E 
M sufficiently close, T x ,T y disks, transversally embedded to the local stable (or 
unstable) foliation and the holonomy h : T x — » T y , L s loc n T y , then 

vol Ty {A)= I Jac{h{t))dvo\ Tx (t) 

JA 

for every measurable set A a T y . The jacobian is bounded from above and below 
away from zero. Moreover, if the distance d(x, y) — > 0, then the jacobian Jac(h) of 
the corresponding holonomy converges uniformly to 1. 

With the help of this property we can prove the following Lemma: 

Lemma 6.5 (Absolute continuity). Let A cz L y be a non-empty open set whose 
closure A is compact inside L" Then there exists a constant c(A) > such that 
for every x e M it holds that 

voh^jn^(B: iA) (x m 
(voh Tn{ jr(^(A))) ( > 

for all n > 0. 

Proof. For every x e M Corollary 6.4 implies that the unstable ball B™, A Ax) cuts 
.F CS (A) and that the stable projection distance between IF c (B^ A ^(x)) and a T c - 
saturated subset C of J-°{A) is bounded by e(A). Then there exists N e N such 
that for n > N the stable projection distance is smaller than fj, such that the local 
stable holonomy h s is well defined. Then it holds that 

volij- w (P{F c {B- [A) {x)))) < sup | Jac{h*)\ vol Lrn(y) (f n (T c (C))). 

By Theorem 5 the jacobian of h s is uniformly bounded and with n — > co it converges 
to 1, so there exists a bound C(A) > such that 

vol L j. w {f n {F c {B u r{A) {x)))) < C(A) vo\ LfnM (f n (T c (A))), for all n > N. 

It is clear that the fraction is bounded for n = 1 , . . . , N — 1 so we find a constant 
c(A) > as bound of this fraction for all n > 0. □ 

Now we can start with defining the principal objects for the proof of the Theorem: 
Denote with C C (L") the set of continuous functions <f> : Uf. — > R with compact 
support. Denote with C+(L^) the subset of positive continuous functions with 
compact non-empty support. Define the sets 

C c := {<f>\3x€ M : 6 C C {L U X )} , C+ :={(/) \ 3x e M : 6 C+{L U X )} 

Define the set 

£ := {G : C c — > K | for all x 6 M : G\cjl*) 1S a positive linear functional.} . 



CODIMENSION ONE PARTIALLY HYPERBOLIC DIFFEOMORPHISMS 



21 



The set £ can be embedded into n<£ec+ ^<t> by the evaluation map G i— > F] G{<j>). 
The injectivity of this embedding is maybe not obvious: Consider G,H e £ which 
are equal for all positive functions <j> e G+, G{<j>) = H(<fr). Every function <j> e C c 
can be written as the difference of two positive functions, hence, the linearity of 
G, H implies that G{4>) = H{4>) for all 6 C c , so it is G = H. 
The infinite product O^ec^ ^ * s a l° ca Hy convex topological vector space, endowed 
with the product topology. 

From now on we fix an open non-empty set A c with compact closure and a 
function (j> e C c (Ly) such that supp(</>o) => A and 0o ^ XA- 

The next step is the principal difference between Margulis original construction and 
our adaption. For this we recall the following implication of the trivial holonomy 
of the center foliation which is just the formulation of Lemma 4.12 for the case of 
trivial holonomy: 

Lemma 6.6. For every x e M and every center leaf L c inside the center unstable 
leaf L° u it holds that L™ cuts L c in exactly one point. 

Thanks to that we can extend for every x e M every function <f> e G C (L") to a 
function on L™ such that <f> is constant along every center leaf: Let <j> e C C (L") 
and denote with <p the function on such that <fi(z) = 4>(z) for all z e L" and 
<f>(z) = <p{z') for every z' e L c z . The new support inside is then the J" c -saturation 
of supp(</>) and therefore also compact. We define 



J^voU™ := J\ 



vol I 



With the help of these preliminary definitions and results we can now prove Theo- 
rem 2: 

Proof of the Theorem. Define 

F : <j> e CAIZ) i * r jy - ', * , for all x e M 

and the subset 

£ o :={Ge£|G(0 o ) = l}. 
It is clearly F e £q. Now define the following application 

$ : £ - £ , G(<f>) - ^ ° for all £ C c . 

By induction it is easily proved that 

* n ( G )M = n<t° f f "1 for ^ ^ 6 C - n > °' 
G(<po°f n ) 

Lemma 6.7. The application $ is continuous (with respect to the product topology). 

Proof. A basis of the product topology is given by the sets of G such that their 
image lies inside an open intervall for finitely many fixed functions. So, more 
precisely, let <j>i e G+ and Ii be an open intervall in for i = 1, . . . m, then the 
set U := {G e £ | G{4>i) e Ij} is an open set which belongs to the basis of the 
topology. The set := {G |$(G) e {/} = {G |$(G)(&) e /<} is then equal to 

{G |G(0j o e (G(0o Z^ 1 ))^}- Certainly, the functions fa o/ _1 are functions 
inside G+, and (G(<j>o o J -1 )) is a constant, so (G((j)o o is still an open 

intervall. Hence, the set {G G($>j o e (G(<j>o o is an open set in the 

product topology. □ 

Consider for n > 0. Then we can show that for all n > the functionals 

$ n (F) are contained in a compact subset of £q: 
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Lemma 6.8. For every e C+ there exist constants c(0), C(0) > such that for 
all n > it is 

$"(F)6 n [c{<t>)M<t>)i 

<t>€C + 

Proof. Consider e C+(L"). Define B := {i e LJJ | <po{x) > e} Then we can find 
Xi, . . . ,Xn 6 L" such that (-B^A)^*))* cover the compact support supp(0)) where 
r(i?) is the constant associated to B by Corollary 6.4. Then it holds for any n^O 
that 

f w 

^/-"dvoii^ ^ voi| Lr ^(j- c (.rsupp(0))) uw <^vo\\ L ~ m {j*{rK(B){*i))) 
•> i=i 

Applying Claim 6.5 we get 



1 



ct>of- n dvol\ L cu x ^ Nc(B)vo\\ LTri Jf n B) ||, 



By dividing with J 0o o f "dvolji^ we have found a finite constant C(0) : = 

_ Exchanging the roles of and 0o we can construct in the same way a 
lower bound c(0). □ 

As [j^fc^jCt^)] is a convex compact set, the convex hull co n ^o(& n (F)) is also 

contained inside n^LcWi C(</0] an d its closure Co := co„^o( ( i > ™(^)) is therefore a 
compact set. 

This implies that the sets Ck '■= co n ^k{^ n {F)) are also compact, and the intersec- 
tion Coo := f\>o is also a compact non-empty set. 

Lemma 6.9. For every k > it is $(Cfc) <= Ck- 

Proof. Consider G = YjILo Ci® ni (F) with n,; J; fc and Xi™=o c * = 1- The element G 
lies inside co n ^>k(& n {F)) ■ We will show by direct calculation that $(G) lies inside 
co n>fe+1 ($"(/)). Let 0eC c . 

zr =o c^"' +i (f)(0) 

I™o^"* +1 (Wo) 
So $(G) is a finite convex combination with + 1 > fc + 1 for i = 0, . . . , m and 

S™ Ci ^+i(^)(0 o ) =1 

because £™ c* + 1 (F) (0 O ) = 1 by definition ofF. Thus, $(G) e co„ >fc+ i($"(F)). 
Utilizing the continuity of $ we can conclude. □ 

Lemma 6.10. Every element G e Coc *s holonomy-invariant. 

Proof. Let G e Coo- Then for every neighborhood U of G there exists N ^ such 
that XI™ o c * $ni ( F ) with n * 55 AT lies inside U. Let 0, e C+ such that 4> = ipoh s . 
Then we prove the following claim: 

Claim 6.11. For every e > i/iere exists N ^ suc/i i/iai 

J o vol - f V o /-"rf vol s£ e J 0o o /-"d vol 

/or n > JV. 
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Proof. This is a direct implication of the absolute continuity and Lemma 6.5: 

$ (j) o f~ n d vol - J ^ o f~ n d vol 

$0oo/-"dvol 
_ $V ;0 /~ Tl °O s -l)<ivol 



50o o/-"dvol 
^ sup \Jac(h s 



^o/-"dvol 
'^ooZ-Mvol 

The fraction J'f '^ r , d , vo1 , for n ^ is bounded because the functions %b and 0o are 

bounded and the fraction for there supports are bounded by c(A) by Lemma 6.5. 
As the jacobian of h s tends to 1 with n —> co, there exists N > such that the 
claim is proved. □ 

Hence, for every e > we can find a neighborhood U of G such that H(<j>), H(ip) 
lie in small open intervals for H e U and such that X!"=o Ci& ni (F) with ni ^ N lies 
inside ?7 and with the Claim above we get: 

m m 

^ Ci $"« (F)(0) - ^ c^F)^) < e for > TV. 

i=0 i=0 

So we can conclude that G((j>) = G(ip), and is therefore holonomy- invariant. 

□ 

The following fixed point theorem holds in our context: 

Theorem 6 (Tychonov, Schauder). Let X be a locally convex topological vector 
space and ¥= E cz F cz X with compact E and convex F. Then every continuous 
application f : F —*■ E has a fixed point. 

Applying this theorem to $ : G m — * G m we can conclude that there exists L e Coo 
such that $(L) = L. By the Riesz representation theorem (cp Theorem 2.14 in 
[Rud87]) there exists an isomorphism between the space of positive linear function- 
als on C C (L") and the space of positive regular Borel measures on L". Therefore 
we can map L\qi l ^ for every x e M to a positive regular Borel measure //" on 
-L™. The family {Hx)xeM is then the family of measures we searched for. 

Family of measures is expanding: We still have to prove the last property, 
namely, that {/x"} is expanding. 

Lemma 6.12. There exists d > 1 such that (if,Jf(A)) = dfi^(A) for every non- 
empty open set A cz X" and every x e M . 

The existence of a constant d is clear: The functional L is a fixed point <£>, therefore 
we have 

*( L )M = ul° f t-l\ = L M for a11 ^ 6 Cc ' 
L{<po°J ) 

and naturally also $ fe L(</>) = L(0) for k ^ 0. So, it is d := L(0o ° an d 
d k = L(<j>o f~ k )- Therefore the main point to prove is that d > 1. 
For that it suffices to show that there exists k e N such that L(0o°/~ fe ) > 1- As L e 
Coo, for every neighborhood U of L there exists n such that the element $™(F) £ t/. 
Accordingly, the proof of the following Lemma directly implies Lemma 6.12: 

Lemma 6.13. There exists a > 1 and k e N smc/i that for alln ^ k it is $ n (F)(0o° 

r fe ) > «■ 
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Proof. Recall that supp(</>o) c: Ly. Define Bo := {x e M | 4>o(x) > e} and Bk = 
f k B a . 

Lemma 6.14 (Principal Lemma). For every n ^ and 5 > there exists k > 
and open sets Ui <zz Bk, pairwise disjoint and holonomy maps hi : Ui — > Ly such 
that the maximal stable projection distance between Ui and hi(Ui) is smaller than 
S and {hi(Ui)} covers the support supp(0o) c Ly. Further, for all x e supp(0o) 
there exist n pairwise distinct points x\ e Uj 1 , . . . ,x n e Uj n such that hj { (xi) = x 
for i = 1, . . . , n. 

If we fix N > 2js^iio and 5 > o suc h that the Jac{hi) > 1/2 for i = 1,...,N, 
then the Principal Claim above implies in the following way Lemma 6.13 where we 
denote vol (A) := vol \ L c*(J rc (A)) for any A a Vf.: 

J^oor"- fe dvol| Lcu >evol(B fc+n ) 

>eJ]vol(Ui) 

i 

> |iVvol(supp(</> )). 

Dividing by \ <j)o f~ n dvo\ we get 

I0o°/" n_fc rfvol eiVvol(supp(</>o)) 
^o/-"dvol " 2||0 o ||vol(supp(0 o ))' 
The choice of N then directly finishes the proof. 

□ 

Only the proof of Lemma 6.14 is left. 

proof Lemma 6.14- Fix an arbitrary n > and S > 0. Choose R > and 
yi,...,y n e i?i such that B^(yi) tz Si with i = 1, ...,n arc disjoint inside £?i. 
Every B^ijji), i = l,...,n is a non-empty open set with compact closure inside 
ISf, y \ so that we can apply Corollary 6.4: This implies that there exists r, > and 
6i > corresponding to every B^(yi) with the following property: For i = 1, . . . n 
it holds that for every z e M the set T C (B%. (z)) is homeomorphic to a subset of 
^(Bftd/i)) and the stable projection distance is bounded by ej > 0. 
There exists no > such that A™ max^ €i < 5 where < A < 1 is the contraction 
constant from Lemma 6.3. Further, there exists N > no and w e L^_ Ny such 
that f- N (supp(M) a B^ iri (w). Applying Corollary 6.4 the set T C (B^ inn (w)) 
is homeomorphic to a subset of J rc (i?^(y i )) and the stable projection distance is 
bounded by ej. By iterating forward with f N we get that J 7c (f N (B^ linr . (w))) is 
homeomorphic via a holonomy hi to a subset LF c {Ui) cz J 7C {f N {B^{y i ))) inside 
T c (Bn + i) for every i = 1, . . . ,n and the stable projection distance is bounded by 
X N maxi e < <5. The sets Ui are pairwise disjoint as difieomorphic images of pair- 
wise disjoint sets. Further, it is hi(Ui) zd supp(0o) => Bq. Then the union [j i hi(Ui) 
certainly covers supp(0o)i an d every x e Bq is covered by n sets hi{Ui) and has 
consequently n different prcimages inside Bn+i- 

By chosing k = N+l and U±, . . . , U n as constructed above we prove the Lemma. □ 

We have now established a holonomy invariant family of measures /x" which are 
expanding under /, so the proof of Theorem 2 is finished. □ 

Unbounded sets and atoms. It is a direct corollary that every constructed 
measure ^t" is infinite if and only if the set inside Lif. is unbounded. 
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Corollary 6.15. For any x e M it holds that fJ,"(A) = oo if and only if A a L u (x) 
is a unbounded set. 

Proof. One direction is directly implied by the construction of the measure: If 
A c L u (x) for x e M is an open set with compact closure then is finite. 

Now consider an unbounded set A cz L u (x). Then there exists a sequence (A n ) of 
open sets A n cz L u (x) with compact closure such that A„ cz A n+ i cz A for all n e N 
and An+i \ A n has positive measure. Hence, we get an strictly increasing sequence 
/j, u (A n ) of real numbers which diverges. □ 

A further easy consequence of the minimality of the center stable foliation and the 
holonomy invariance of {/z"} is the following: 

Corollary 6.16. For every x e M the measure fi™ constructed above is non-atomic. 

Proof. Assume there exists y e M such that p^{{y}) > 0. The family of measures 
is expanding under /, therefore, every point f n y for n ^ is also an atom with a 
positive measure d n fj,y({y}). 

Consider (f n y) for every n > 0, then there exists for every n^Oa subset C n of 
A such that C„ = h s (B^ A ^(f n y)) and their measures are consequently equal. It is 
clear that C n for all n > has a measure smaller 1 (as a subset of A) . Accordingly, 
there exists n > such that V u f n y (f n (B? (A) (y))) > d n ^({y}) > 1 > ^(C n ) 
contradicting the holonomy invariance of the measure family. □ 

6.0.3. Induced measure on the quotient space. Under the hypothesis of this chapter, 
the quotient space x : M —* M jT c of the compact center foliation with trivial 
holonomy is a topological manifold. The family of measures can be seen as a 
family of measures {^"} on the quotient space such that /z" has its support on the 
unstable leaf ttL^ u : Every measure /i" is defined on a unstable leaf of the unstable 
foliation in M/1F C induced by the center unstable foliation T cu via tt. 

Remark 6.17. Oxtoby and Ulam showed in [OU41] that any Borel measure on I n , 
the n-dimensional cube, is topologically equivalent to the n-dimcnsional Lebesguc- 
Borel measure if and only if it is everywhere positive (that is, positive for non-empty 
open sets), non-atomic, normalized and vanishes on the boundary. Hence, especially 
in the case that the unstable bundle is one-dimensional, then every measure [j% 
restricted to an open intervall is equivalent to Lebesgue. 

7. Quotient dynamic is conjugate to hyperbolic torus automorphism 

In this section we follow more or less the proof by Hiraide ([HirOl]) of Frank's The- 
orem ([Fra70]). So, we refer the interested reader for details to the original proof 
and enlist here only the main steps ensuring that the lack of differentiability on the 
quotient space does not create any problems for us. 

Frank's Theorem states that any transitive Anosov diffeomorphism with a one- 
dimensional unstable (or stable) direction is conjugate to a hyperbolic torus auto- 
morphism. We establish this statement for the induced dynamics on the quotient 
space of a compact center foliation with trivial holonomy where the induced un- 
stable foliation is one-dimensional. The quotient space is a priori a topological 
manifold, and the induced dynamic is a homcomorphism. 
Hence, we show the following: 

Theorem 7.1 (Theorem 1(3)). Let f : M —* M be a partially hyperbolic C 00 - 
diffeomorphism with a compact center foliation. Assume that E u is one- dimensional 
and oriented. Then F : M /J- c — > M jT c is topologically conjugate to a hyperbolic 
toral automorphism and M /T c is homeomorphic to a codim LF c -torus. 
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Remark 7.2. We know by Theorem 1(1), (2) that the center foliation has only 
trivial holonomy and that therefore the leaf space M/F c is a compact topological 
manifold. The center-unstable and center-stable foliations in M projects to trans- 
verse stable and unstable topological foliations in M/T c . We recall that the map 
F is shown to be expansive and transitive on the leaf space M/JF C and it has the 
(unique) pseudo-orbit tracing property 

The projected measure family {/x"} introduced in the section above consists of 
non-atomic measures /z" defined on the one-dimensional unstable leaves, positive 
on non-empty open sets, hence, they are all (up to multiplication by a constant) 
Lebesgue measures. 

Hiraide's proof is divided into four main steps: 

1. Every stable manifold L s is homeomorphic to I s , s = dimJ 78 , and every 
unstable manifold L u to K. Assuming that p e M /J- c is a fix point of F, we 
show that L p x L p = R s+1 is a universal cover of M/F c . 

2. The fundamental group 7Ti(M /J- c ) is isomorphic to Z m for some m e N. 

3. The lifted map F of F on the universal cover L p x L p is topologically con- 
jugate to a linear hyperbolic map A e GL(m, Z). 

4. Finally, we can conclude that this topological conjugacy descends to a topo- 
logical conjugacy between F and the hyperbolic toral automorphism <pA 
induced by A establishing a homeomorphism between MjT c and T m = 
R m /Z m as well (what implies that m = s + 1). 

We only give the proof of the first step (Lemma 7.3 below) as the remaining coincides 
with Hiraide's proof in [HirOl]. Before stating the Lemma, we need some formalism: 
We have a uniform local product structure on M/J- c given by the induced transverse 
stable and unstable foliations, so there exists a cover of product neighborhoods U 
such that we have well defined local holonomy homeomorphism h u : I — > J for any 
I c LI, J c L% with I,JczU defined by z e / >-» L s loc (z) n J. We call any finite 
composition of local holonomy homeomorphisms a holonomy homeomorphism. 
We may assume that F : M jT c — > M/F c has a fixed point p: In any case it has a 
periodic point p such that F n (p) = p, so we could prove the statement for G := F n . 
Then F n is conjugate to a hyperbolic toral automorphism and this implies that F 
is conjugate to a hyperbolic toral automorphism. 

Therefore, let p e M/F c be a fixed point for F. We have dimJ 7 " = 1 and - as 
E u in M is oriented - we may fix a direction on arcs of T u . We will construct the 
simply connected cover for MjT by x L s p which is homeomorphic to W with 
q = codimJ^. Let (x,y) eLJx L p . For any x e L p we denote with [p, x] the arc 
inside L p with end points p and x and for any z e Ly with [y, z] the arc inside Ly 
with end points y and z. 

Lemma 7.3. The manifold M/J- c has a universal cover 

ir p :L%xL s p ^ M/F c 

where 7r p (x, y) = z such that fJ. u ([p, x\) = fJ. u ([y, z]) and the orientation from p to x 
is consistent with the orientation from y to z. Further, L p x L p is homeomorphic 
to M. q where q = codim T c . 

Proof. The most important step in the construction of the universal cover is the 
proof that the map 7r p is well-defined. This is done with the help of the family 
of measures \x u on the unstable leaves. The family of measures is invariant under 
the holonomy homeomorphisms h u . By the minimality of the foliations it is then 
implied that for any (x, y) s L p x L p that we can map via holonomy a local unstable 
segment around x onto a local unstable segment around y. Therefore there exists 
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a point z e such that 

^([p,x])=^([y,z]) 

and the orientation from p to x is consistent with the orientation from y to z. This 
point is unique as the measure p, u is non-atomic and positive on any non-empty 
open interval, accordingly, if there would be two points z\ < z 2 in Ly it would 
follow fi u ([y, z 2 ] \ [y,2i]) = p u ((zi,z 2 ]) = and hence, z\ = z 2 . Further, every 
unbounded arc I has the measure p. u (I) = oo as we showed in Corollary 6.15. 
Therefore the map 7r p : L u (p) x L s (p) — > M is well-defined by (x, y) >-* ir p (x, y) = z 
such that n u (\p,x]) = [i u ([y, ir p (x, y)]). 

Surjectivity: Let z e M. As the stable and unstable manifold through z is dense 
we find a point y e L p n L". It is also L s z n L p # 0. By moving the interval 
[y, z] ez via holonomy along the stable foliation to L", we can define x e L p 
such that /L*"([p, x]) = mu u ([y,z]). 

Continuity: The point 7r p ((x, y)) is contained in a product neighborhood and as 
jj, u is holonomy-invariant we can conclude that ir p {x,y) e L s (x) n L u {y) and 7T P 
is continuous (as the canonical coordinates are continuous). Covering: Let z e M 
and TV c M be a product neighborhood for z, N = B™(z) x Bf(z) then then for 
e > sufficiently small there are several disjoint stable sets I s a L s p such that 
I s a L p n J- u (B^(z)) which are all homeomorphic to B*(z) by holonomy. These 
correspond to disjoint unstable segments I u a L p . So the set 7r~ 1 (iV) is a union of 
disjoint sets homeomorphic to N. 

Further, L p x L p is homeomorphic to K x IR 9 " 1 as they are stable and unstable 
leaves, and so the cover is simply connected. It can be concluded that the map 
7T p : L p xL*^ MjT c is a universal cover for MjT c . □ 

The remaining three steps to conclude follow exactly Hiraide's proof in [HirOl] and 
are restated with details and the notation as above in [Bohl 1] . 
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